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Abstract
It is well known that we have an algebraic characterization of connected Lie groups of polynomial
volume growth: a Lie group G has polynomial volume growth if and only if it is of type R. In
this paper, we shall give a geometric characterization of connected Lie groups of polynomial volume
growth in terms of the distance distortion of the subgroups. More precisely, we prove that a connected
Lie group G has polynomial volume growth if and only if every closed subgroup has a polynomial
distortion in G.
 2004 Elsevier SAS. All rights reserved.
Résumé
On connait déjà une caractérisation algébrique des groupes de Lie connexes à croissance
polynomiale du volume : un groupe de Lie G est à croissance polynomiale du volume ssi il est de
type R. Dans cet article on va leur donner une caractérisation géométrique, en termes de distorsion
des distances. Plus précisément, on démontre qu’un groupe de Lie connexe G est à croissance
polynomiale du volume ssi tout sous-groupe fermé admet une distorsion des distances polynomiale
dans G.
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Let G be a locally compact group which is compactly generated. One can associate to
every symmetric compact neighborhood Ω of the identity e, a left invariant distance on G
(i.e. d(xg, xh)= d(g,h), g,h, x ∈G) defined by
d(g,h)= d(e, g−1h)= ∣∣g−1h∣∣
G
, g,h ∈G,
where
|g|G = |g| = inf
{
n,g ∈Ωn =Ω . . .Ω}, g ∈G (1)
and Ω0 = {e}. The above definition depends of course on Ω but we easily prove that if
Ω ′ is another compact symmetric neighborhood of the identity e, then |g|Ω and |g|Ω ′ , the
distances to the origin associated respectively to Ω and Ω ′, satisfy
C−1|g|Ω  |g|Ω ′  C|g|Ω, g ∈G.
Let H be a compactly generated closed subgroup of G. Recall that in our case (i.e. Lie
groups case) every closed subgroup is compactly generated. However, this is not true in
general [8,14,17]. On H we can consider naturally two distances: the intrinsic distance
which can be defined as in (1) and the induced one from the distance of G as a metric
space. Given an element h ∈ H , we would like to compare |h|H , the distance of h to the
origin in H , with |h|G, the distance of h to the origin in G.
We always have the following estimation:
|h|G  C|h|H + c, h ∈H.
This comes directly from definition (1).
Let φ :R+ −→R+ be some function. We shall say that H has a φ distance distortion in
G if
|h|H C1φ
(
C2|h|G
)+C3, h ∈H,
where C1,C2 and C3 are some positive constants independent of h [17].
In particular, if
(i) φ(t)= t, then we say that H has zero distance distortion in G.
(ii) φ(t)= tc , then we say that H has polynomial distance distortion in G.
(iii) φ(t)= et , then we say that H has exponential distance distortion in G.
The distance distortion is strongly connected with the algebraic structure of the group.
Indeed, in the abelian case and other examples like the p-adic groups, we have zero distance
distortion betweenH and G [11]. In the case of Lie groups the distance distortion is at most
exponential [6,17]. However, in certain cases such as discrete groups and finitely generated
ones, the distance distortion may be arbitrarily big ([15] and [6, Par. 3.J and 3.K′′]).
We say that a Lie group G has polynomial volume growth if
Haar measure
(
Ωn
)
 Cnc, n 1.
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particular, for every closed subgroup H ⊂G, we have
C−1
(|h|αG − 1) |h|H  C(|h|βG + 1), h ∈H. (2)
Note that we have the optimal exponents in the nilpotent case ([4, Theorem N1 and N2] or
[5, Theorem 2 and 3]). Our aim is to prove that (2) characterizes Lie groups of polynomial
growth. In other words, a connected Lie group is of polynomial growth if and only if every
closed subgroup has polynomial distance distortion. The necessary condition was proved
by N. Varopoulos [17]. In this paper, we shall prove the sufficiency condition. Thus, we
obtain the following general theorem:
Theorem 1. Let G be a connected Lie group. Then the following statements are equivalent.
(i) G has polynomial volume growth.
(ii) G is of type R (the adjoint representation of the Lie algebra of G has only pure
imaginary eigenvalues).
(iii) Every closed subgroup has a polynomial distance distortion in G.
The equivalence between (i) and (ii) is well known (cf. [7,10,12,13]). The fact that (ii)
implies (iii) can be found in [17]. In this paper, we will show that (iii) implies (ii). This
was initially announced by Varopoulos in [17]. It is important to point out that Varopoulos
did not publish his proof wish is completely different from ours (oral communication).
Notations. Throughout this paper positive constants are denoted by the letters C and c
which are sometimes indexed. They may differ from a place to another but are independent
from the important parameters in the formulas.
Let G be a connected Lie group. Recall that a distance d on G is called connected if it
satisfies [19, Par. III.4]:
(i) d induces the topology of G;
(ii) the closed ball for d centered at the identity element e, of radius 1 is compact;
(iii) there exists C such that, for all x ∈G satisfying d(e, x) 1, there exists {x0, x1, . . . ,
xn}, a family of elements of G such that x0 = e, xn = x and d(xi, xi+1)  1,
i = 1, . . . , n− 1, with n Cd(e, x).
Let d1 and d2 be two connected left invariant distances on G. It is known (cf. [19,
Proposition III.4.2]) that d1 ≈ d2 i.e. there exists C1,C2 > 0 such that
C1
(
d2(x, e)− 1
)
 d1(x, e) C2
(
d2(x, e)+ 1
)
, x ∈G.
Throughout, we shall denote the distance from the origin in G by |x|G = d(e, x), where d
is some connected left invariant distance on G.
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In this section we shall show that (iii) implies (i) in Theorem 1 which is what is needed
to complete the proof. More precisely we shall prove the following theorem:
Theorem 1′. Let G be a connected Lie group. Let us assume that every closed subgroup
has polynomial distortion in G. Then the group G is of type R.
The proof of Theorem 1′ comprises three steps. We will begin by the case when the
group G is a simply connected solvable Lie group (cf. Section 2.1), then we pass to the
connected solvable case (cf. Section 2.2) and we will finish by the general case i.e. for
general connected Lie groups (cf. Section 2.3). The key observation in this paper is that the
proof of Theorem 1′ is essentially reduced to the solvable case.
But to begin with, we will state and prove the following general lemma.
Lemma 2. Let G be some connected solvable Lie group and let K ⊂ G be a closed
normal subgroup. Let us also assume that every closed subgroup of G has polynomial
distance distortion in G. Then every closed subgroup of the quotient group G/K also has
polynomial distance distortion in G/K .
Proof. Let H˜ ⊂ G/K be some closed subgroup and let H = π−1(H˜ ) where π is the
canonical projection G→G/K . Let |h|H = dH (e, x) (respectively |h|G = dG(e, x)) the
distance from the origin in H (respectively in G) where dH (respectively dG) is some
connected left invariant distance on H (respectively on G).
Let us define:
|h˜|H˜ = dH˜ (e, x)= inf
π(h)=h˜
[|h|H ], h˜ ∈ H˜ and
|g˜|G˜ = dG˜(e, x)= inf
π(g)=g˜
[|h|G], g˜ ∈ G˜.
It is clear that dH˜ (respectively dG˜) is a connected left invariant distance on the quotient
group H˜ (respectively G/K).
Let us assume that the subgroup H has polynomial distance distortion in G (i.e.
|h|H  C|h|cG +C, h ∈H ). Then we have
|h˜|H˜  inf
π(h)=h˜
[
C|h|cG +C
]
 C|h˜|cG/K +C.
This proves that H˜ has polynomial distance distortion in G/K and finishes the proof of
Lemma 2. ✷
2.1. The simply connected solvable case
2.1.1. A characterization of Lie groups which are not of type R
We shall first define some elementary solvable groups which are not of type R ([13, Par.
6] and [3, Chapter V]). In a certain sense these groups are the “building blocks” of solvable
Lie groups which are not of type R (cf. Lemma 3).
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(s, t)(s′, t ′)= (s + et s′, t + t ′).
The group Sσ3 =R2 σ R (σ ∈R∗) with multiplication given by
(s, t)(s′, t ′)= (s +Aσ(t)s′, t + t ′),
where
Aσ (t)= eσ t
(
cos t sin t
− sin t cos t
)
.
The group S4 =R2 R2 with multiplication given by
(s, t)(s′, t ′)= (s +B(t)s′, t + t ′),
where
B(t)= eα
(
cosβ sinβ
− sinβ cosβ
)
and t = (α,β).
The following lemma is then known to hold:
Lemma 3 ([3, Chapter V, Proposition 2.2], [13, Par. 6.37] and [2]). Let Q be some
connected simply connected solvable Lie group. If Q is not of type R, then it has a quotient
group isomorphic to S2 or Sσ3 or S4 .
2.1.2. Proof of Theorem 1′ in the simply connected solvable case
Before giving the proof of the theorem, we first prove Lemma 5. This lemma constitutes
the key of the proof of Theorem 1′. To start, we need the following definition.
Definition 4. Let G be a simply connected Lie group and H be some closed connected
subgroup. We say that H has strict exponential distance distortion in G [18] whenever
there exist positive constants C and c such that
|h|G  C log
(|h|H )+ c, h ∈H ; |h|H  1.
Lemma 5. In the groups S2, Sσ3 and S4, there exists at least one-parameter closed subgroup
which has a strict exponential distance distortion.
Proof of Lemma 5. We shall prove that the group S2 contains one-parameter subgroup
which has a strict exponential distance distortion. The proofs are the same for the two
other groups. Recall that the Lie algebra of S2 is the Lie algebra generated by the vector
fields {X1,X2} such that
[X1,X2] = −X1.
We shall write S2 in the form S2 =NA, whereN = {expsX1; s ∈R} is the nilradical and
A= {exp sX2; s ∈ R}. We shall prove that the nilradical N has strict exponential distance
distortion in S2.
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Since g = h−1hgh−1h= (0,−t)(etx,0)(0, t), then we have
|g|G 
∣∣(0,−t)∣∣
G
+ ∣∣(etx,0)∣∣
G
+ ∣∣(0, t)∣∣
G

∣∣(0,−t)∣∣
A
+ ∣∣(etx,0)∣∣
N
+ ∣∣(0, t)∣∣
A
 C1|t| +C2
∣∣etx∣∣+C.
If we take t =− log |x|, then we obtain
|g|G  C log |x| + c.
This proves Lemma 5, since |g|N = |x|. ✷
Proof of Theorem 1′ in the simply connected solvable case. We proceed by induction
on the dimension d of the group G. If d = 1, then G ∼= R and the Theorem 1′ is trivial.
Let us suppose that the theorem is proved for every simply connected solvable Lie group
of dimension strictly less than d . Let G be a simply connected Lie group of dimension d
which satisfies our hypothesis (i.e. every closed subgroups has a polynomial distortion
in G). Let us assume that G is not of type R. Then, by Lemma 3, G has a quotient group
isomorphic to S2 or Sσ3 or S4. Making use of Lemma 5 we may assume that this quotient has
a dimension strictly less than d . Furthermore, it follows from Lemma 2 that this quotient
satisfies the induction hypothesis. Hence, this quotient is of type R. This contradicts the
fact that the groups S2, Sσ3 and S4 are not of type R. ✷
2.2. The connected solvable case
We shall start by recalling some known results.
Theorem 6 [7, Theorem I.4]. Let G be some Lie group and H ⊂G some closed subgroup.
(i) If G/H is compact, then H and G have the same volume growth.
(ii) If H is normal and compact, then G/H and G have the same volume growth.
Theorem 7 [7, Theorem II.3]. Let G be some connected Lie group. Then G has polynomial
volume growth if and only if G is of type R.
The following two lemmas will allow us to reduce the proof of Theorem 1′ to the case
where the group G contains a simply connected normal subgroup which is co-compact
in G.
Lemma 8 ([1], [9, p. 155] and [17, p. 14]). Let G be some solvable connected Lie group,
N its nilradical and let K be the unique maximal compact subgroup of N . Then G/K
contains a simply connected normal subgroup which is co-compact in G.
Lemma 9. Let G be some solvable connected Lie group, N its nilradical and let K be
the unique maximal compact subgroup of N . Let us also assume that the conclusion of
Theorem 1′ holds for the quotient G/K . Then it also holds for G.
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distance distortion in G. Then it follows from Lemma 2 that every closed subgroup of
the quotient G/K has polynomial distance distortion in G/K . Hence, the quotient G/K is
of type R since Theorem 1′ holds for G/K . So, making use of assertion (ii) of Theorem 6,
we deduce that G has polynomial volume growth. Finally, it follows from Theorem 7 that
G is of type R. ✷
Proof of Theorem 1′ in the connected solvable case. Making use of Lemma 8 and
Lemma 9, we may assume that G contains a simply connected normal subgroup G1 which
is co-compact in G. We shall show that the proof of Theorem 1′ is a consequence of the
simply connected solvable case and Theorem 6. Indeed, let us assume that every closed
subgroup of G has polynomial distance distortion in G. Then every closed subgroup of G1
has polynomial distance distortion in G1 (because G1 is a subgroup of G). It follows from
the first step that G1 is of type R since it is simply connected. Furthermore, using the fact
that G1 is co-compact in G and the second assertion of Theorem 6, we deduce that G has
polynomial volume growth. By Theorem 7, we get that G is of type R. This finishes the
proof of Theorem 1′ in the connected solvable case. ✷
2.3. The general case
Ones more we shall need to recall the following known result:
Theorem 10 [13, Par. 6.32]. Let G be a connected Lie group and Q its radical. Then G is
of type R if and only if Q is of type R and G/Q is compact.
Proof of Theorem 1′. LetG be a connected Lie group. According to Theorem 10, we shall
prove that its radical Q is of type R. However, using the second step, since Q is solvable,
we just have to prove that every subgroup of Q has polynomial distance distortion in Q.
Let H be some subgroup in Q and let us assume that H has polynomial distance distortion
in G. Then H has polynomial distance distortion in Q since Q is a subgroup of G. Thus,
we proved Theorem 1′ and also complete the proof of Theorem 1. ✷
Remark 11. We observe that if we assume that the group G is simply connected then we
can omit the second step and passe directly from the simply connected solvable case to
the simply connected case since the radical of a simply connected Lie group is also simply
connected [16, para. 3.18].
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